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We propose a method to determine the isoscalar K¯ N scattering length on the lattice. Our method
represents the generalization of Lüscher’s approach in the presence of inelastic channels (complex
scattering length). In addition, the proposed approach allows one to ﬁnd the position of the S-matrix
pole corresponding the Λ(1405) resonance.
© 2009 Elsevier B.V. Open access under CC BY license. 1. The antikaon–nucleon scattering amplitude is of funda-
mental importance in nuclear, particle and astrophysics, see e.g.
Refs. [1–4]. In particular, the K¯ N system at threshold provides
an interesting testing ground of the chiral dynamics of QCD with
strange quarks due to the Λ(1405) resonance just below the scat-
tering threshold. In fact, experimental information on the K−p
scattering length from scattering data and kaonic hydrogen level
shifts is contradictory, as ﬁrst stressed in [5] and further elab-
orated on in Refs. [6–8]. A clariﬁcation is expected from the
upcoming SIDDHARTA experiment at DANE, that intends to re-
measure kaonic hydrogen with unprecedented accuracy and is
expected to give further constraints to the isoscalar and isovec-
tor kaon–nucleon scattering lengths from the ﬁrst measurement of
the energy spectrum of kaonic deuterium.
On the theoretical side, effective ﬁeld theory methods in vari-
ous disguises are employed to pin down the K¯ N scattering length.
The scattering information is usually analyzed in terms of unita-
rized versions of chiral perturbation theory, that lead to a dynamic
generation of various resonances, in particular the Λ(1405). Such
schemes have been worked out over the years by various groups
at various levels of sophistication (see, e.g. [6–9]). While an im-
pressive amount of data (cross sections, threshold ratios, mass
distributions, etc.) is described in such approaches with good pre-
cision, unitarization of course introduces some unwanted model-
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Open access under CC BY license. dependence. On the other hand, the extraction of the K¯ N scatter-
ing length from kaonic hydrogen is ﬁrmly rooted in non-relativistic
bound-state effective ﬁeld theory and thus is devoid of the above-
mentioned model-dependence (for a recent review, see [10]). How-
ever, it entirely rests on the availability of precise kaonic atom
data. Unfortunately, the existing data from DEAR [11] and KEK
[12] are conﬂicting. It would therefore be most welcome to have
another tool at hand that would allow one to determine this fun-
damental quantity.
As we will argue in this Letter, lattice QCD provides such a
framework. As ﬁrst shown by Lüscher, ﬁnite volume simulations
of the energy levels of two-particle states can give access to scat-
tering information [13,14]. The idea of Lüscher is very elegant and
simple. For two-particle states that are well separated from bound
states or resonances in the given channel, the 1/L expansion of the
energy levels takes the generic form (here, L is the size of the box
with volume L × L × L)
E ∼ a
L3
{
1+ c1 a
L
+ c2 a
2
L2
}
+O(L−6), (1)
where a is the desired scattering length and c1, c2 are pure num-
bers (see below). The method has e.g. been used to extract the
ππ , π K and KN S-wave scattering lengths from lattice data [15].
Note that an alternative proposal to extract the scattering length
from the two-particle wave function is e.g. given in Ref. [16].
However, for the extraction of the K¯ N scattering length, a gen-
eralization of this scheme is called for since there is a strong
channel coupling between K¯ N and Σπ , the latter channel having
its threshold about 100 MeV below the opening of the K¯ N one.
In addition, the appearance of the Λ(1405) just between these
two thresholds further complicates the picture. All these features
can be captured by a two-channel Lippmann–Schwinger equation.
As we will show in the following, a suitable formulation of this
equation in the ﬁnite volume allows for an unambiguous extrac-
440 M. Lage et al. / Physics Letters B 681 (2009) 439–443tion of the complex-valued isoscalar K−p scattering length. Note
also that our method bears similarity to the approach adopted in
Ref. [17], where the problem was treated within non-relativistic
potential scattering theory. The authors of Ref. [17] expect that, us-
ing relativistic kinematics, their framework will apply in the case
of massive ﬁeld theory as well, as far as the contribution from
the multi-particle (more than two) inelastic states remains small.
However, no proof of this conjecture is provided. One of the aims
of the present Letter is to close this gap. We achieve this goal by
using non-relativistic effective ﬁeld theory (NR EFT). Up to the en-
ergies, where the contribution of the multi-particle inelastic states
becomes signiﬁcant, this framework (in the inﬁnite volume) is
completely equivalent to the relativistic ﬁeld theory, provided the
couplings in the non-relativistic Lagrangian are determined from
the matching to the relativistic S-matrix elements.1 For this rea-
son, calculating the ﬁnite-volume energy spectrum in the NR EFT,
as ﬁrst proposed in Ref. [18] for the one-channel case, one arrives
at a very simple and transparent proof of Lüscher’s formula also
for the underlying relativistic ﬁeld theory (see also Ref. [19] for
more details).
Note that, following Ref. [19], we shall be using a covariant
version of the NR EFT, introduced in Ref. [20]. In this version, con-
trary to the conventional setting (see, e.g. [21]), all particles obey
the relativistic dispersion law p0 =
√
M2 + p2. The notion “non-
relativistic” here refers merely to the negligence of the higher-mass
intermediate states (these are taken into account through the ef-
fective non-relativistic couplings).
2. To set the stage, we consider a two-channel Lippmann–
Schwinger (LS) equation in NR EFT in the inﬁnite volume. The
channel number 1 refers to K¯ N and 2 to Σπ with total isospin
I = 0. The resonance Λ(1405) is located between two thresholds,
on the second Riemann sheet, close to the real axis (these thresh-
olds are deﬁned by st = (mN + MK )2 and s′t = (mΣ + Mπ )2).2 Con-
sider ﬁrst energies above the K¯ N threshold, s > (mN + MK )2. The
coupled-channel LS equation for the T -matrix elements Tij(s) in
dimensionally regularized NR EFT reads (we only consider S-waves
here)3
T11 = H11 + H11iq1T11 + H12iq2T21,
T21 = H21 + H21iq1T11 + H22iq2T21, (2)
with q1 = λ1/2(s,m2N ,M2K )/(2
√
s), q2 = λ1/2(s,m2Σ,M2π )/(2
√
s)
and λ(x, y, z) stands for the Källen function. Furthermore, the
Hij(s) denote the driving potential in the corresponding channel
(the matrix element of the interaction Hamiltonian between the
free 2-particle states). Continuation of the center-of-mass momen-
tum q1 below threshold (mΣ +Mπ )2 < s < (mN +MK )2 is obtained
via (see Fig. 1 for the corresponding analytical structure)
iq1 → −κ1 = − (−λ(s,M
2
K ,m
2
N))
1/2
2
√
s
. (3)
1 This condition is expected to be fulﬁlled very well in case of K¯ N scattering,
which is considered in the present Letter.
2 In the following, we work in the isospin limit and thus do not resolve the fur-
ther splitting of these thresholds.
3 The derivation in the one-channel case is considered in detail in Ref. [19]. We
would like to mention that the loop integrals in the covariant NR EFT are evaluated
in the following manner: one ﬁrst expands the integrands in the inverse powers
of masses, integrates the result term-by-term using dimensional regularisation and
resums the resulting series [20]. This method, which is equivalent to setting a par-
ticular renormalization prescription, renders the amplitudes explicitly covariant and
leads to Eq. (2).Fig. 1. Complex s-plane with the Σπ and K¯ N cuts along the real axis and the
location of the Λ(1405) resonance.
The resonance corresponds to a pole on the second Riemann sheet
in the complex s-plane, its position can be determined from the
secular equation
(s) = 1+ κ R1 H11 − κ R2 H22 − κ R1 κ R2
(
H11H22 − H212
)
(4)
with κ R1 = −(−λ(sR ,m2N ,M2K ))1/2/(2
√
sR) and κ R2 = (−λ(sR ,m2Σ,
M2π )
1/2)/(2
√
sR). The energy and width of the resonance4 are then
given by
√
sR = ER − iΓR/2. The K¯ N scattering length is related to
the amplitude T11 at s = st = (mN + MK )2 via
a11 ≡ T11(st) = H11(st) + iq2(st)(H12(st))
2
1− iq2(st)H22(st) . (5)
Thus, to pin down its complex value, we need to determine the
three real quantities H11, H12, H22 at s = st appearing in Eq. (5).
3. We now consider the same problem in a ﬁnite volume. To
this end, we replace the 3-momentum integration in the loops by
a discrete sum in a ﬁnite volume (see again Ref. [19] for more de-
tails). The rotational symmetry is broken to a cubic symmetry, so
the mixing of different partial waves occur. We however consider
only S-waves here, neglecting the small mixing to higher partial
waves. If necessary, the mixing can be easily included at latter
stage [19]. For the S-waves only, the ﬁnite-volume version of the
LS equation (2) takes the following form
T11 = H11 − 2√
π L
Z00
(
1;k21
)
H11T11 − 2√
π L
Z00
(
1;k22
)
H12T21,
T21 = H21 − 2√
π L
Z00
(
1;k21
)
H21T11 − 2√
π L
Z00
(
1;k22
)
H22T21,
(6)
with
k21 =
(
L
2π
)2
λ(s,M2K ,m
2
N)
4s
,
k22 =
(
L
2π
)2
λ(s,M2π ,m
2
Σ)
4s
,
Z00
(
1;k2)= 1√
4π
lim
r→1
∑
n∈R3
1
(n2 − k2)r . (7)
Here, we have neglected the terms that vanish exponentially at
large L. The secular equation that determines the spectrum can be
brought into the form
1− 2√
π L
Z00
(
1;k22
)
F (s, L) = 0,
F (s, L) =
[
H22 − 2√
π L
Z00
(
1;k21
)(
H11H22 − H212
)]
×
[
1− 2√
π L
Z00
(
1;k21
)
H11
]−1
. (8)
4 Note that in this two-channel formulation one only has one pole corresponding
to the Λ(1405). The interesting suggestion in [22] that it is a superposition of two
poles requires the inclusion of more channels and explicit isospin breaking.
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δ(s, L) = −φ(k2) + nπ, n = 0,1,2, . . . ,
φ(k2) = −arctan π
3/2k2
Z00(1;k22)
, (9)
with
tan δ(s, L) = q2(s)F (s, L). (10)
δ(s, L) is called the pseudophase.
The dependence of the pseudophase on s and L is very different
from that of the usual scattering phase.5 Namely, the elastic phase
extracted from the lattice data by using Lüscher’s formula is in-
dependent of the volume modulo terms that exponentially vanish
at a large L. Further, the energies where the phase passes through
π/2 lie close to the real resonance locations. In contrast with this,
the pseudophase contains the function Z00(1;k21), which does not
vanish exponentially at a large L and a positive k21. Moreover, it
contains the tower of “resonances” at the energies given by the
roots of the equation 1− 2π L Z00(1;k21)H11 = 0. On the other hand,
in the inﬁnite volume this equation reduces to 1 + κ R1 H11 = 0 (cf.
with Eq. (4)), which has only one root below threshold — very
close to the position of the Λ(1405). Other roots in a ﬁnite vol-
ume are not related to the dynamics of the system in the inﬁnite
volume and stem from oscillations of Z00(1,k21) between −∞ and
+∞ when the variable k21 varies along the positive semi-axis. This
is an effect of discrete energy levels in the “shielded” channel.
Suppose one measures the energy spectrum on the lattice and
extracts the quantity δ(s, L) by using the one-channel Lüscher’s for-
mula (9). In case when the second channel is absent, δ(s, L) in
large volumes does not depend on L and coincides with the elastic
scattering phase. In general, what one extracts from the measured
spectrum on the lattice by using Eq. (9) is the pseudophase (for
brevity, hereafter we shall refer to this procedure as to measur-
ing the pseudophase). The pseudophase, in turn, determines the
K¯ N scattering length. This can be directly seen from the expres-
sion of the pseudophase, which depends on real functions H11,
H12, H22. Extracting these from the data, we then ﬁnd the scat-
tering length by using Eq. (5). Note that in the expression for the
scattering length we need Hij(s) evaluated at threshold s = st . We
shall however demonstrate below that replacing Hij(s) by Hij(st)
in certain observables, related to the pseudophase, introduces very
small corrections, since the effective range term proportional to
(s − st) is suppressed by L−3 as compared to the leading order
result. To be speciﬁc, we consider the following three observ-
ables:
1. For a ﬁxed energy level, we measure the value of the pseu-
dophase δ(st; L(st)) .= δt at threshold st = (mN + MK )2 and
Et = √st (see Fig. 2 where a speciﬁc representation of the
pseudophase based on a two-channel K -matrix model de-
scribed below, is shown). On the other hand, we may express
δt through Hij at s = st in the following way. At threshold, Z00
is singular,
Z00
(
1;k2)= − 1√
4π
1
k2
+O(1), (11)
so that
F (s, L)|s→st = H22(st) − H212(st)/H11(st), (12)
5 For a ﬁxed level, L is the function of s. Hence, in fact, the pseudophase is a
function of the variable s only.Fig. 2. The pseudophase δ. The energy E1 at which the pseudophase passes through
π/2 corresponds to the Λ(1405).
tan δ
(
st; L(st)
)= q2(st)(H22(st) − H212(st)/H11(st))
.= q2(st)I(st). (13)
Thus, measuring δt , we may extract the combination H22 −
H212/H11.
2. Suppose that tan δ(s; L(s)) is inﬁnite at s = s3 = E23 and L =
L3 = L(s3). This occurs at the energy where the denominator
of Eq. (8) vanishes
1− 2√
π L
Z00
(
1;k21(s3)
)
H11(s3) = 0. (14)
We solve this equation by expanding both H11(s) and
Z00(1;k21(s)) in Taylor series in the vicinity of s = st
H11(s) = H11(st) + q21(s)H ′11(st) +O
(
q4
)
(15)
and
2√
π L
Z00
(
1;k2)
= 1
π L
1
k2
+ c1
L
+ πk
2
L
(
c21 − c2
)+O(k4), (16)
with
c1 = 1
π
lim
r→1
∑
n=0
1
(n2)r
= −2.837297 . . . ,
c2 = c21 −
1
π2
∑
n=0
1
n4
= 6.375183 . . . . (17)
Substituting Eqs. (15) and (16) into Eq. (14), we obtain
q21(s3) = −
4πH11(st)
L33
×
(
1+ c1 H11(st)
L3
+ c2 H11(st)
2
L23
+O
(
1
L33
))
.
(18)
This means that measuring the value of s, where the
tan δ(s; L(s)) becomes inﬁnite, we may extract H11 at s = st .
Note that the effective-range term, which contains H ′11(st),
contributes ﬁrst at O(L−6).
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L = L2 = L(s2) (see Fig. 2). Using the same technique as just
described, we obtain:
q21(s2) = −
4πG(st)
L32
×
(
1+ c1 G(st)
L2
+ c2 G(st)
2
L22
+O
(
1
L32
))
, (19)
where
G(st) = H11(st) − H212(st)/H22(st). (20)
Therefore, measuring s2, we get H11 − H212/H22.
Using ﬁnally Eq. (5), we can express the scattering length in
terms of the three quantities H11, I and G , all taken at s = st
a11 = H11(st) + iq2(st)I(st)H11(st)(H11(st)/G(st) − 1)
1− iq2(st)I(st)H11(st)/G(st) . (21)
This is the central result of this Letter.
Finally, note that in the analysis of the lattice data it may be
more convenient to directly ﬁt the explicit expression of the pseu-
dophase given in Eq. (8) to the measured values on the lattice
around s = st , replacing Hij(s) by Hij(st) and considering Hij(st)
(i j = 11,12,22) as three independent ﬁtting parameters. From the
above discussion one may expect that such a ﬁt will lead to a pre-
cise determination of these parameters. The effective range terms
can be neglected since their contribution is suppressed by three
powers of L. In this case, one does not need to measure the pseu-
dophase in the whole interval between s2 and s3.
4. Given the parameters Hij determined from ﬁtting to the
pseudophase, the position of the pole on the second Riemann
sheet of the complex variable s, which corresponds to the Λ(1405)
resonance, can be determined from the secular equation (4). We
expect that replacing Hij(s) by Hij(st) allows one to locate the
pole position at a reasonable accuracy since, as we have seen, the
corrections arising due to s = st are suppressed at order L−3, as
compared to the leading-order term.
5. In order to demonstrate the above-described proposal in
practice, we have investigated a coupled-channel model with an
explicit Λ(1405) resonance located at Re
√
sR = 1406 MeV and
−2 Im√sR = 50 MeV. Effective range terms are neglected. The ma-
trix elements Hij are taken equal to
H11 = −1.47573 fm, H12 = 0.91581 fm,
H22 = −0.34159 fm. (22)
This corresponds to a11 = a0(K¯ N) = −1.26 + i0.70 fm. The result-
ing ﬁrst four energy levels as a function of Mπ L are shown in
Fig. 3. We notice that the lowest level (n = 1) does only show a
moderate volume dependence in the interval considered, quite in
contrast to the excited ones with n  2. For Mπ L  2, . . . ,3 the
ground state level ﬂattens around E = 1406 MeV that corresponds
to the Λ(1405). It is clear that, for this reason, the lowest level
cannot be used for the extraction of the K¯ N scattering length. The
excited levels show a more complicated behavior in this interval
of L. At the ﬁrst glance, these levels exhibit the so-called avoided
level crossing somewhere between 1430 MeV and 1440 MeV. In
the elastic case, such a behavior of the energy levels signalizes the
presence of a narrow resonance near this energy. However, this
is not the case here. The peculiar behavior of the excited energy
levels is caused by the opening of the K¯ N threshold. At higher en-
ergies, the picture repeats — an avoided level crossing emerges, ifFig. 3. Energy levels for the two-channel model with an explicit Λ(1405) resonance
in the ﬁnite volume. The avoided level crossing which is observed at the ener-
gies between 1430 MeV and 1440 MeV is not related to the physical resonance in
the inﬁnite volume but reﬂects the presence of the K¯ N threshold. For comparison,
we plot the energy levels levels for the non-interacting two-particle systems πΣ
(dashed lines) and K¯ N (dotted lines).
the K¯ N system has a discrete eigenvalue at this energy in a ﬁnite
volume. If the volume changes, the avoided level crossing moves
(in difference to the avoided level crossing corresponding to the
“true” resonance). For L → ∞ the bifurcation lines accumulate at
threshold s = st . In this limit, the scattering amplitude is not ana-
lytic at s = st (unitary cusp).
Fig. 2 gives the pseudophase derived from the second (n = 2)
energy level. It shows the expected behavior. First, it crosses π/2
at
√
s = E1, very close to the mass of the Λ(1405). Then, it passes
π at
√
s = √s2 = E2, close to the threshold where its value is
δt > π . At E2, the tangent of the pseudophase vanishes at since
q21(s2) < 0, we can conclude that G(st) > 0, cf. Eq. (19). Finally, the
value of 3π/2 is reached at
√
s = √s3 = E3. Here, q21(s3) > 0 and
consequently H11(st) < 0. This can be deduced from Eq. (19) after
the substitutions s2 → s3 and L2 → L3.
Considering Figs. 2 and 3, one may conclude that if simulations
are performed in the interval Mπ L  3, . . . ,5 (for physical quark
masses), then the energy of the ﬁrst excited level runs between
E2 and E3, whereas the ground state level yields the pseudophase
around E1. We therefore conclude that this interval will be suit-
able for extracting the value of a0(K¯ N) and the parameters of the
Λ(1405) resonance.
6. It is instructive to brieﬂy compare our results with the ﬁnd-
ings of Ref. [17]. First, as already mentioned, our derivation of
Lüscher’s formula is based on a ﬁeld-theoretical framework and
is valid under the assumption that the contribution of the multi-
particle intermediate states in the relevant energy region is neg-
ligible. On the contrary, the derivation given in Ref. [17] relies on
the non-relativistic potential model. Further, the scattering length
is given by Eq. (42) of that paper. We would like to stress that
this scattering length is deﬁned differently from ours — e.g., as
seen from Eq. (42) in [17], it is a real quantity. More important,
however, is the fact that, as one may conclude from the discus-
sion after Eq. (38) of that paper, the relations that are derived
there do not determine S-matrix elements from the lattice mea-
surements alone. Rather, these relations impose one constraint on
two scattering phase shifts and the inelasticity parameter at a given
energy. Contrary to this, we parameterize the ﬁnite-volume energy
spectrum of a system in terms of the K -matrix elements Hij and
use the effective-range expansion. The quantities Hij can be deter-
mined by ﬁtting the measured lattice spectrum at different volumes
M. Lage et al. / Physics Letters B 681 (2009) 439–443 443corresponding to different energies. The scattering length, which is
related to the K -matrix elements, is determined from the mea-
surement of the lattice spectrum alone.
7. In this Letter, we have generalized Lüscher’s algorithm for
the extraction of the scattering length from the ﬁnite-volume en-
ergy spectrum measured on the lattice. The modiﬁed algorithm
applies to the case when the scattering length is complex due to
the presence of the open channel(s) below threshold. In the case
of the K¯ N scattering with total isospin I = 0, the scattering length
can be determined by measuring the volume dependence of the
ﬁrst excited level around the threshold energy.
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